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ABSTRACT
This paper introduces the idea that the general mixing inequality obeyed by evolving stellar phase densities may place useful con-
straints on the possible history of the over-all galaxy population. We construct simple models for the full stellar phase space distri-
butions of galaxies’ disk and spheroidal components, and reproduce the well-known result that the maximum phase density of an
elliptical galaxy is too high to be produced collisionlessly from a disk system, although we also show that the inclusion of a bulge
component in the disk removes this evolutionary impediment. In order to draw more general conclusions about the evolution of the
galaxy population, we use the Millennium Galaxy Catalogue to construct a model of the entire phase density distribution of stars in a
representative sample of the local Universe. In such a composite population, we show that the mixing inequality rules out some evolu-
tionary paths that are not prohibited by consideration of the maximum phase density alone, and thus show that the massive ellipticals
in this population could not have formed purely from collisionless mergers of a low mass galaxy population like that found in the
local Universe. Although the violation of the mixing inequality is in this case quite minor, and hence avoidable with a modest amount
of non-collisionless star formation in the merger process, it does confirm the potential of this approach. The future measurement of
stellar phase densities at higher redshift will allow this potential to be fully exploited, offering a new way to look at the possible
pathways for galaxy evolution, and to learn about the environment of star formation through the way that this phase space becomes
populated over time.
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1. Introduction
The stars that make up galaxies exist in a six-dimensional phase
space of positions and velocities, which offers a large amount of
freedom in the possible configurations of stellar populations, and
hence the morphologies and dynamics of the galaxies that they
combine to form. However, because stars do not move instanta-
neously from one place to another, and similarly their velocities
only change smoothly via finite gravitational accelerations, the
evolution of their configuration obeys the simple collisionless
Boltzmann equation,
d f
dt = 0, (1)
which requires that the phase density f , the number of stars per
unit volume in both space and velocity, remains constant around
any given star as it travels through space (Binney & Tremaine
2008).
In principle, this equation places a very strong constraint on
the manner in which a stellar system’s properties can evolve with
time. However, there is one significant complication in that al-
though Eq. (1) guarantees that the number of stars within any
region of phase space remains constant, the shape of that region
can become grossly distorted over time, wrapping itself around
in a serpentine fashion. Just as a confectionery chef lightens the
density of toffee by repeatedly pulling it into strands and wrap-
ping them around, thus trapping air between the layers of tof-
fee, so the phase wrapping of a stellar system will create a com-
plex tangle of the original phase density distribution and empty
space. In practice, one can only hope to measure the phase space
density over a finite region; even in principle, since stars are in-
trinsically a discretized sampling of phase space density, it may
not be possible to resolve the complex phase-wrapped structure.
Instead, one measures an average that combines both the phase
density from potentially many original locations and the mixed-
in empty space, creating a “coarse grained” distribution function
that will always tend to be diluted down from the original maxi-
mum phase density, and thus does not obey Eq. (1).
However, the tendency of this evolution to always dilute the
maximum phase density still places a strong constraint on the
possible ways in which a stellar system can evolve, irrespec-
tive of the details of its evolution. For example, Carlberg (1986)
pointed out that the maximum phase space density in an ellipti-
cal galaxy of comparable mass to the Milky Way is significantly
higher than that found in a disk of similar mass. It is therefore
fundamentally impossible for such a disk system to be converted
into an elliptical through collisionless processes since there is no
way of generating the high phase density at the centre of the el-
liptical by mixing the lower phase densities of a disk.
Although intriguing, this seemingly-fundamental challenge
to the current paradigm in which ellipticals form from mergers
of disk systems has not generally been viewed as a matter of
great concern. As pointed out by Lake (1989), the controversial
region of high-density phase space represents a tiny fraction of
the stellar distribution right at the extreme maximum of phase
density, so that a relatively minor change to the properties of
the initial disk, such as modestly decreasing its scale-height at
large radii, can produce adequate numbers of stars at high phase
density to populate this small region. Alternatively, as noted by
Hernquist (1993) and as we will also see below, the denser bulge
component of a typical disk galaxy can straightforwardly fill this
gap. Finally, a small amount of star formation triggered by the
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transformation process could easily produce the requisite com-
ponent at high stellar densities, since the gas-dynamic processes
of star formation are highly collisional and therefore not subject
to this collisionless constraint. So, there are a variety of ways to
explain away such a violation of the mixing constraint at this ex-
treme end of the distribution of phase densities, without any fine
tuning of the processes, and thus there is no compelling reason to
throw out the entire paradigm of merger-driven galaxy evolution
on the basis of such an argument.
However, the physics of phase mixing also places limits on
possible evolutionary paths followed by stars that do not lie in
this extreme region of high-density phase space. The more gen-
eral criterion was derived by Tremaine et al. (1986), who proved
the following theorem. Define the mass of stars within a galaxy
that find themselves in regions of phase space where the density
is greater than f to be M( f ), and the volume in phase space that
these stars occupy to be V( f ). Since both of these quantities vary
monotonically with f , one can construct a function M(V) for the
system. For a galaxy to evolve from an initial form Mi(V) to a
final state M f (V), it is a necessary condition that
M f (V) ≤ Mi(V) ∀ V. (2)
A more recent discussion of this formula and the derivation of
an interesting alternative “mixing inequality” can be found in
Dehnen (2005).
In interpreting the inequality of Eq. (2), it is important to re-
call that M orders the stars from the highest phase densities, fmax,
to the lowest, so the smallest values of M(V) occur at the highest
phase densities. In this region, we can write M(V) ≈ fmax × V ,
so the inequality in Eq. (2) reduces directly to the criterion in-
troduced above, that the maximum phase density can only de-
crease. In principle, though, we now have a much more general
constraint at all values of f . However, as Tremaine et al. (1986)
noted, the cumulative nature of M(V) means that, for simple stel-
lar distributions, if the criterion is met at small values of V (high
phase densities), it will likely be globally met as well. Thus, in
studying the evolution of simple single model galaxies, such as
the collapse of a uniform spherical distribution to create a credi-
ble elliptical galaxy, Tremaine et al. (1986) showed that the pri-
mary constraint comes from considering the highest phase den-
sity material.
Such simple isolated models of individual galaxies are
clearly somewhat unrealistic. Real galaxies typically have at
least two stellar components, a disk and a spheroid, which each
contribute to create a rather more complex phase density distri-
bution. Further, if we are exploring the role that multiple merg-
ers play in shaping the morphologies of galaxies, we cannot
just consider the properties of single galaxies in isolation, but
rather must look at the phase density of the entire population.
Fortunately, although the above formalism was originally con-
sidered in the context of the properties of simple models for
individual galaxies, it can equally well be applied to any self-
contained set of stellar systems, including the entire population
of galaxies, each containing multiple components.
In this paper, we begin to develop the methodology for such
an analysis. In Sect. 2, we describe the way in which the phase
space density distribution might be reasonably approximated
for the components of each galaxy, and re-derive the original
Carlberg (1986) result as a test case. In Sect. 3, we calculate an
initial estimate for the stellar phase density distribution of the
local Universe, and show that application of the general mix-
ing theorem provides some interesting pointers on the possible
progenitors of elliptical galaxies. Section 4 discusses how this
methodology could be taken further.
2. Stellar phase densities of individual components
In order to analyze a multi-component picture of the phase space
of galaxies, we need to construct models for the individual com-
ponents. Combining these components to derive the global prop-
erties of the population is then reasonably straightforward. In
principle, within a single galaxy, the populated phase spaces for
the different components can overlap: a bulge star could have a
similar position and velocity to a disk star. However, the hot na-
ture of the bulge, the rotation of the disk, and the different spa-
tial scales of the components, mean that in practice this overlap
is small, so, to a reasonable approximation, M( f ) and V( f ) can
be constructed for a single galaxy by simple summation of the
component bulge and disk parts, and these quantities can then
be further summed to derive the corresponding functions for the
overall population. Of necessity, the ingredients of this model
will be somewhat simplified, but, as we will see below, the func-
tions involved stretch over many orders of magnitude, so uncer-
tainties of factors of a few introduced by any approximations
should not unduly compromise the results.
2.1. Spheroidal components
The original study by Carlberg (1986) modeled elliptical galax-
ies as self-gravitating collections of stars following a modified
Hubble profile. Although this assumption returns a convenient
analytical form for the maximum phase density in such systems,
it is somewhat unrealistic in several aspect. First, this profile flat-
tens to a central core, which is not seen in many spheroids: if we
are interested in the regions of highest phase density, it is exactly
this part of the system that we have to consider most closely.
Second, the assumption that the system is self-gravitating ne-
glects the effects of any dark matter halo. This assumption leads
to the rather unphysical corollary that the derived maximum
phase density is independent of the number of stars in the galaxy,
so would attribute the same value to both high and low surface
brightness systems.
Here, we adopt a somewhat more observationally-motivated
model for spheroidal components. We assume that the projected
light of a spheroid can be represented by a de Vaucouleurs law,
with effective radius and luminosity derived from the photom-
etry. We then approximate this function using a Dehnen (1993)
model with γ = 1.5, thus allowing an analytic formula for stellar
density as a function of radius. For the velocity distribution, we
assume a Gaussian function with a dispersion σ that does not
vary with radius. Ideally, one would use measured kinematics
to determine the dispersion, but these data do not exist for the
whole population, and such complexity goes beyond the philos-
ophy of this analysis. Instead, we use the dispersion predicted by
the structural parameters of each galaxy. We could use the fun-
damental plane relations to determine an appropriate value for σ,
but it was found that in practice this value was rather sensitive
to errors in the photometric decompositions of galaxies, which
occasionally gave implausible values for scale-lengths and sur-
face brightnesses in bulge components. However, the luminosity
of the spheroidal component seems to be more robustly derived
in such decompositions, so here we estimate the expected ve-
locity dispersion from this quantity alone via the Faber–Jackson
relation,
σ = 10−0.1MsB+0.2 kms−1, (3)
where MsB is the absolute magnitude of the spheroidal compo-
nent in the B-band (Forbes & Ponman 1999).
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With the stellar density and velocity distribution determined
at each point in this model for a galaxy’s spheroidal component,
we can integrate over the galaxy’s phase space to derive the com-
plete distribution of phase densities, and hence construct M( f )
and V( f ).
2.2. Disk components
The treatment of disk components is also motivated by the orig-
inal analysis of Carlberg (1986), who modeled their spatial dis-
tribution as an exponential in the radial direction, and a self-
gravitating sheet with a constant scale-height in the perpendicu-
lar z direction. The constant scale-height then dictates the radial
decrease in the z-component of the velocity dispersion,σz. If one
further assumes that the other two components of velocity dis-
persion vary in the same way with radius, forming a Gaussian
velocity ellipsoid, the phase density distribution across the disk
plane is fully specified. As Carlberg (1986) noted, such a distri-
bution has the rather strange property that the phase density rises
with radius in the galaxy, such that the highest values are found
in the outer parts of the disk. If this maximum phase density of
the disk is to translate into the maximum phase density of an el-
liptical galaxy during a merger, the galaxy must somehow turn
itself inside-out. Although such a scenario seems unlikely, it is
always possible for cold outer parts of disks to end up forming
late in-falling streamers that sink to the middle of a merger prod-
uct. Even the metallicity gradients seen in ellipticals and disks,
which both tend to decrease with radius, do not present an in-
surmountable problem given a small amount of star formation in
the merger and a relatively metal-rich bulge in the original disk
galaxy.
We therefore follow this relatively simple prescription of
Carlberg (1986), so that the stellar density is given by
ν(R, z) = ν0 exp(−R/Rd)sech2(z/zd), (4)
with a radial cut-off at R = 3Rd reflecting that found in most ex-
ponential disks (van der Kruit 2001). The exact radius and form
for this cut-off turns out not to make much difference to the anal-
ysis since the numbers of stars at such large radii is so small. The
disk scale-length Rd is obtained from photometric decomposi-
tion of the galaxies we are modeling, while for the scale-height
zd we follow Mao & Mo (1998) in setting zd = 0.2Rd (Bottema
1993). For the kinematic parameters, we adopt the linear fit be-
tween velocity dispersion and B-band disk absolute magnitude,
MdB, from Bottema (1993) to obtain
σz(R = 0) = Max(−17. × MdB − 280., 10.) kms−1, (5)
with the limit at small velocity dispersions to ensure that the
central dispersion does not end up smaller than the typical dis-
persion of the cold gas from which stars form. The variation
in σz with radius is then set by the requirement of a constant
scale-height, which implies that it declines exponential with ra-
dius with a scale-length of 2Rd. We further assume, as previous
authors have done, that the shape of the velocity ellipsoid does
not vary significantly with radius, and set σz = σφ/
√
2 = σR/2,
motivated by the values found in the Solar neighbourhood of
the Milky Way, and the epicyclic approximation which fixes the
value of σR/σφ for a flat rotation curve (Binney & Tremaine
2008).
Once again, with both photometric and kinematic parameters
defined, we can integrate across phase space to determine the
phase density distribution of any disk component with a spec-
ified total luminosity and radial scale-length, and hence derive
M( f ) and V( f ).
Fig. 1. The distribution of stellar mass as a function of phase
density, m( f ), for model disk and spheroids with a mass of 5 ×
1010M⊙, and for a model of Milky Way-like disk galaxy with
both a disk and a bulge component.
2.3. A simple application
As a simple test of these models, we now seek to reproduce
the original result of Carlberg (1986) concerning the maximum
phase densities in disks and ellipticals. Figure 1 shows the dis-
tribution of phase densities that one obtains for a typical galactic
disk which has been approximately matched to the properties of
the Milky Way, with an absolute magnitude of MdB = −20.0,
a disk scale-length of 4 kpc, and a disk mass of 5 × 1010M⊙
(Binney & Merrifield 1998). The figure also shows the phase
density distribution for an identical-mass elliptical galaxy with
an effective radius of Re = 10 kpc. This phase space density
function has been normalized in the plot such that the area under
the curve is proportional to the mass of stars that find themselves
at a phase density within the range of integration, so that
M( f ) =
∫ ∞
f
m( f ) d f =
∫ ∞
log f
f m( f )d(log f ). (6)
As derived by Carlberg (1986), the maximum phase density
found in the elliptical exceeds that of the disk, but, as also noted
by Lake (1989), the area under the curves where this excess oc-
curs is really very small, so the conflict is fairly insignificant.
This point is underlined when one considers the more gen-
eral mixing constraint on M(V) shown in Fig. 2, where it is
clear that rearranging only ∼ 107M⊙ of the total 5 × 1010M⊙,
or ∼ 0.02% of the stellar mass, at the highest phase densities
(and hence smallest values of V) would be sufficient to eliminate
the violation of the mixing inequality.
As Figs. 1 and 2 further illustrate, the conflict can also be
readily eliminated if one follows the suggestion of Hernquist
(1993) and adds to the disk galaxy a bulge component simi-
lar to that found in the Milky Way with a velocity dispersion
of 110 kms−1, an effective radius of 2.75 kpc, and a mass of
1× 1010M⊙ (Binney & Merrifield 1998). Note that although this
model is only intended to very approximately reproduce the
phase-space properties of the Milky Way’s bulge, the maximum
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Fig. 2. The cumulative mass in stars below any given phase den-
sity as a function of the volume of phase space occupied by those
stars. The disk, spheroid and Milky Way-like models of Fig. 1
are shown. To evolve collisionlessly from one form to another, a
stellar system can only move downward in this plot.
phase-space density that it produces in Fig. 1 agrees well with
the value of ∼ 10−5M⊙ pc−3 (km/s)−3 inferred by Wyse (1998).
The maximum phase density decreases with luminosity in typi-
cal spheroidal components (Mao & Mo 1998), so even this rela-
tively small bulge adds in sufficient stars at high phase densities
to generate the missing high-density extreme of the elliptical.
Thus, there would be no violation of the mixing constraint of
Eq. (2) in turning this disk-dominated galaxy into a typical ellip-
tical galaxy through collisionless mixing processes.
3. Stellar phase density of the local Universe
Although the above test case is interesting, it does not place
any strong limits on the possible general evolutionary paths for
galaxies, since for any individual case one could always find po-
tential progenitors with structural parameters such that the mix-
ing constraint is not violated. It is therefore more interesting to
consider the properties of the entire population of galaxies, to
determine more globally what evolutionary paths the whole pop-
ulation may or may not have followed.
An important first step in this direction was made by
Mao & Mo (1998), who explored the phase density as a func-
tion of absolute magnitude for a reasonably large sample of
disk and elliptical galaxies. They also went beyond consider-
ing just the extrema of the phase density distribution by also
calculating an average “effective phase density” for these galax-
ies. Through this analysis, they were able to show that disk- and
spheroid-dominated galaxies follow distinct sequences of phase
space density as a function of absolute magnitude. However,
they did not possess the decompositions of individual galax-
ies into spheroids and disks that would have allowed them to
model multiple components within single systems. Thus, they
were not in a position to calculate the full stellar phase space
density distribution to ascertain whether, for example, the bulge
components of disk galaxies might be sufficient to eliminate any
apparent violation of mixing constraints, as was illustrated in
Sect. 2.3. In addition, the galaxies they analyzed comprised a
somewhat heterogeneous sample, so they did not have access to
a statistically complete sample that would have enabled them
to determine the stellar phase density of the local Universe in a
well-defined volume.
We therefore seek to extend this analysis by considering the
data from the Millennium Galaxy Catalogue1 (MGC; Liske et al.
2003). This survey over 37.5 deg2, complete to mB = 24, pro-
vides a well-defined and thorough sampling of galaxies in the
local Universe, and the availability of colour data offers at
least a crude conversion from B-band luminosity to stellar mass
(Bell & de Jong 2001), although the connection between these
quantities is necessarily indirect due to the effects of varying
stellar populations and extinction. Moreover, Allen et al. (2006)
have shown that the MGC images of these galaxies are of suffi-
cient quality to be decomposed with some confidence into sep-
arate disk and spheroidal components. In carrying out such de-
compositions, Driver et al. (2007) found that a relatively modest
fraction of “pseudo-bulges” are better fitted by a less centrally-
concentrated spheroid function than a de Vaucouleurs law, but
that a de Vaucouleurs law spheroid plus an exponential disk was
a generally reasonable approximation to the observed photome-
try, allowing us to employ the simple phase-space components
adopted in the current analysis.
Estimating the stellar phase density distribution of the local
Universe from these data is relatively straightforward. For each
of the 10 095 galaxies in the MGC for which the decomposi-
tion into exponential disk and de Vaucouleurs spheroid has been
made, one calculates the model phase space densities of the two
components as in Sect. 2. These components are then converted
from luminosity phase densities into mass phase densities us-
ing the colour prescription of Bell & de Jong (2001). Finally, the
contribution of each galaxy is weighted according to its total ab-
solute magnitude to allow for the different volumes sampled by
this survey at different absolute magnitudes, such that each abso-
lute magnitude bin of galaxies in the MGC contributes a signal
proportional to the galaxy luminosity function at that magnitude,
as derived by Driver et al. (2007).
The results of this analysis are presented in Fig. 3. It is no-
table that, even with the large data set of the MGC, dividing the
sample by luminosity still produces relatively modest numbers
of galaxies per bin, which vary significantly in their properties;
these variations result in the noise apparent in the greyscale im-
age. However, when the luminosity bins are all combined, this
residual sampling noise is dramatically reduced, producing the
reliable smooth total stellar phase space density distributions
shown in the left-hand panels.
Figure 3 also compares these results to the mean trends es-
tablished by Mao & Mo (1998). For the spheroidal component,
there is good agreement between the two analyses on the upper
cut-off in phase densities. The effective phase density derived by
Mao & Mo (1998) appears somewhat higher than a measure that
one would infer from the greyscale, but the logarithmic nature of
the plot is somewhat misleading, and it is notable that the value
1 The Millennium Galaxy Catalogue consists of imaging data from
the Isaac Newton Telescope and spectroscopic data from the Anglo
Australian Telescope, the ANU 2.3m, the ESO New Technology
Telescope, the Telescopio Nazionale Galileo and the Gemini North
Telescope. The survey has been supported through grants from the
Particle Physics and Astronomy Research Council and the Australian
Research Council. The data and data products are publicly available
from http://www.eso.org/∼jliske/mgc/.
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Fig. 3. The phase density of stars in the local Universe as a func-
tion of the absolute magnitude of the galaxies that produce them,
as derived from the Millennium Galaxy Catalogue. The pan-
els show both the individual disk and spheroid components and
the sum of the two. The projection of these plots by integrat-
ing over the distribution of galaxy luminosities shows the total
stellar phase density of the local Universe. Here, f is expressed
in M⊙pc−3(km/s)−3 and m in pc3(km/s)3 Mpc−3 The dashed and
dotted line show, respectively, the mean trend in effective and
central phase density for components considered by Mao & Mo
(1998).
of this effective phase density does lie very close to the mode in
the projection of the full distribution.
The disk component reveals a similar phenomenon, with the
effective phase density again lying very close to the peak of the
distribution. The central phase density of the disk is less infor-
mative, since, as noted in Sect. 2.2, it does not represent a max-
imum value, but rather the minimum value in the plane of the
disk. Of course, lower values of phase density can be found away
from the plane of the disk, so this local minimum value has lit-
tle physical significance in the context of the total distribution of
phase densities. The difference between the Mao & Mo (1998)
disk relation and the observed phase density distribution at bright
magnitudes is more interesting, but also has a relatively simple
explanation. In their analysis, Mao & Mo (1998) selected disk-
dominated systems to derive this relation, so the total absolute
magnitude on the abscissa when plotting their data corresponds
quite closely to the disk luminosity. However, in the current
analysis a random sample of galaxies from the local Universe
has been selected, and at such bright magnitudes these systems
are frequently spheroid-dominated, with relatively faint but often
quite extended disk components. These lower-luminosity disks
produce the lower phase density of stars that we see in the disk-
component distribution.
Fig. 4. The cumulative mass function derived from the
Millennium Galaxy Catalogue for spheroids of mass ∼ 5 ×
1010M⊙, and for a population of possible progenitor galaxies at
masses between 1 × 108M⊙ and 5 × 108M⊙.
The net result of combining these components produces a to-
tal stellar phase density distribution in the local Universe that is
quite similar to that found in a typical spiral galaxy (see Fig. 1),
with a degree of structure that can be attributed to the distinct
disk and spheroid components. This similarity is not so surpris-
ing really, since consideration of the galaxy luminosity function
shows that most of the stellar light comes from galaxies with
luminosities around the break in the Schechter function, and at
these luminosities a galaxy is typically a spiral system like that
modeled in Fig. 1.
More interestingly, though, we can now begin to look sys-
tematically at the properties of different sub-classes of galax-
ies and individual components. As a simple illustration, Fig. 4
shows the average cumulative mass function M(V) derived from
the phase space density distribution for the spheroidal compo-
nents in the local Universe with masses of ∼ 5 × 1010M⊙. Also
shown on this figure is the average M(V) curve derived from
all the galaxies in the sample with total stellar masses between
1 × 108M⊙ and 5 × 108M⊙. The individual galaxy curves that
make up this latter average have been normalized by multiply-
ing both M and V by the factor required to generate from them a
system containing ∼ 5 × 1010M⊙ of stars. Thus, it represents the
M(V) curve of the progenitors of these higher-mass spheroids
if the latter systems form from random galaxy mergers of the
lower-mass systems. The fact that M(V) for the small galaxies
does not lie above the curve for the large spheroids at all values
of V means that these functions violate the mixing inequality of
Eq. (2), so we can state quite generally that no combination of
collisionless merger processes bringing small systems like these
together could have produced the final large spheroids.
In this case, it is interesting to note that the issue does not
arise at the highest phase densities (lowest values of V), as the
compact spheroidal components of the small galaxies provide
more than enough stars at these densities to produce the bigger
spheroids. Rather it is at intermediate phase densities where one
runs out of spheroid stars, but has yet to tap into the lower phase
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densities of disk stars, that the deficit arises. As such, this ap-
parent violation of the mixing theorem is somewhat harder to
explain away than the original result comparing a single disk to
a single spheroid, where the discrepancy occurs just in the ex-
treme tail of the phase density distribution.
Although this violation of the mixing theorem is formally
statistically significant – with samples of galaxies of this size,
one can re-sample the distribution to get a good handle on the
random errors in M(V) – it is nonetheless probably still not
a major problem for the fundamental paradigm of hierarchical
galaxy formation. As with the single galaxy result, it only in-
volves a rather small fraction of the total mass of the system, and
a relatively minor addition of extra mass through star formation
could reorder the curves. In addition, presumably today’s large
spheroids did not form from progenitors exactly akin to today’s
small galaxies, so one might not expect this inequality to be met
even if the large spheroids did form purely from collisionless
mergers of pre-existing galaxies. Indeed, there is now strong ev-
idence that the structural parameters of even non-star-forming
systems have evolved strongly over time (Williams et al. 2010,
and references therein). Nonetheless, this example illustrates the
potential power in using phase space constraints to study the pos-
sible evolutionary paths that galaxies might follow, and where
extra stars would have to be added in to allow other paths to be
pursued. It also underlines the point that there is more to such
analyses than considering just the maximum phase density.
4. Discussion
In this paper, we have introduced a methodology for modeling
the full stellar phase space density of any combination of disk
and spheroidal stellar systems, including that which makes up
the local galaxy population in the Universe. We have also dis-
cussed the general inequality that limits the possible ways in
which this phase density distribution can evolve. As we have
seen, such analyses can make use of more than just the rather
non-robust constraint provided by the maximum phase density,
and offer a potentially powerful tool for determining the possible
paths by which these systems could have evolved.
Of necessity, the phase space model considered here has
been rather simple, but the explosion of available data means
that over time many of the simplifying assumptions can be
eliminated. Large infrared surveys like Two Micron All-Sky
Survey offer a more direct window on the stellar mass distri-
bution in galaxies, and its decomposition into disk and bulge
components (e.g. Me´ndez-Abreu et al. 2008). Further, extensive
spectroscopic studies of galaxies using integral field units (e.g.
Krajnovic´ et al. 2006) and detailed dynamical modeling of such
data (e.g. de Lorenzi et al. 2009) mean that the simple general-
ized parameterizations of both the photometric and kinematic
properties of galaxies can soon be replaced by reasonably di-
rect measurements of the phase-space density distribution on a
galaxy-by-galaxy basis.
Another obvious direction in which to extend this analysis
is to the more distant Universe. At these greater distances, it
is challenging to obtain the necessary high-quality photometric
and kinematic observations, but steps are already being taken
both to determine the distribution of light within such distant
galaxies (e.g. Huertas-Company et al. 2007), and in establishing
at least the broad kinematic scaling relations analogous to those
used here (e.g. MacArthur et al. 2008). Comparison between the
phase density distributions of stars in distant galaxies and that
in the local Universe will allow a more direct test as to which
evolutionary paths are available to galaxies of different types. It
also offers the prospect of a new perspective on the star forma-
tion history of the Universe, in that by determining the phase
densities of stars that have to be added over time so as to avoid
violation of the mixing constraint, we will be able to go beyond
the simple numbers game of how many stars form at different
epochs to learn about the smaller-scale environments in which
these stars must have formed.
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